Binary (Base 2)
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Think of a number between 1 and 63 and find this on as many of the cards above as you can.  Now add up the top left numbers of each card that your number is on, what do you get?  Could this be magic or just great Mathematics?! 

In fact it’s due to the binary number system.  Binary is an important method of counting and is the basis for all computer programming.  It enables computers to use and understand logic commands such as on/off by reducing all numbers to compounds of just two symbols: 0 and 1.  Binary also sits neatly alongside one of the simplest communication forms, that of morse code, which is composed of compounds of dots and dashes. 
What is the pattern of the top left numbers of the cards above, beginning on the right hand side?  
Binary is based on powers of two: 1, 2, 4, 8, 16… or rather 20, 21, 22, 23, 24…2n and uses the property that each whole decimal number can be written as a different sum of powers of two.  It is also the reason why computer memory is manufactured in sizes such as 256Mb, 512Gb etc.  Here are some examples:

	13
	=
	8+4+1
	=
	23+22+20
	(
	in binary
	1101

	43
	=
	32 +8+2+1
	=
	25+23+21+20
	(
	in binary
	101011

	54
	=
	32+16+4+2
	=
	25+24+22+21
	(
	in binary
	110110


Task 1a Write these decimal numbers as sums of powers of two:
1. 6

2. 9

3. 14

4. 15

5. 37

6. 85

7. 98

8. 132

9. 159

10. 160

Task 1b Write these decimal numbers as binary (you could use one of the methods on the next page to help you if you wish):

1. 5

2. 6
3. 11

4. 12
5. 17

6. 21

7. 31
8. 33
9. 44

10. 50

Described below are two different methods for converting a decimal number to binary:

Method A 
	
	Example: the number 67.

	a) Subtract the largest power of two that you can from the number.
	67 – 64 = 3
	(64 = 26)

	b) Write down both the power of two (i.e. write down ‘23’ rather than ‘8’) that you subtracted and the answer.
	26, 3
	

	c) Use this answer and repeat until you reach zero.
	3 – 2 = 1
	(2= 21)

	
	21, 1
	

	
	1 – 1 =0
	(1 = 20)

	
	20, 0
	

	
	Powers of two used: 26, 21, 20

	d) Now to write the binary number, begin on the right hand side and with the smallest power of two.  Mark down a ‘1’ for each power of two that you used whilst dividing and a ‘0’ for each power of two that you didn’t use.
	1000011
	

	e) This is your binary number!
	1000011
	


Method B
	
	Example: the number 67.

	a) Divide your decimal number by two and note down the remainder (either 1 or 0).
	67 ( 2 = 33 r1
	r1

	b) Divide the answer by two and note the remainder (either 1 or 0).
	33 ( 2 = 16 r1
	r1

	c) Continue like this until you reach zero.
	16 ( 2 = 8 r0
	r0

	
	8 ( 2 = 4 r0
	r0

	
	4 ( 2 = 2 r0
	r0 

	
	2 ( 2 = 1 r0
	r0

	
	1 ( 2 = 0 r1
	r1

	d) Now to write the binary number, write down your remainders in a row beginning on the right hand side and working towards the left.
	1000011
	

	e) This is your binary number!
	1000011
	


Task 2 Compare methods A & B for converting decimal numbers to binary.  How are they similar and different? How do they both work?
Task 3 How many one digit binary numbers are there (not including zero)? How many two digit binary numbers? And three digit? And four? Is there a pattern here?

To convert a binary number to decimal we read it from the right hand side and we count powers of two beginning with 20, or 1.  Each figure of a 1 in binary means that we add that power of two into the sum, each figure of a zero means we don’t add in that power. For example:

	1101
	=
	1
	
	1
	
	0
	
	1
	
	
	
	

	
	
	(1x23)
	+
	(1x22)
	+
	(0x21)
	+
	(1x20)
	=
	8+4+1
	=
	13


Task 4 Write these binary numbers as decimal numbers.

1. 10
2. 100

3. 101

4. 1001

5. 10101

6. 10110

7. 11001

8. 11111

9. 101100

10. 111111

Task 5a Binary addition:
1. 10 + 1 = 

2. 101 + 10 =

3. 101 + 11 =

4. 1001 + 101 =

5. 1111 + 1 =
6. 111 + 111 =

7. 101 + 1010 =

8. 1010 + 110 =

9. 11001 + 10011 =

10. 1111 + 11111 =

Task 5b Binary multiplication:
1. 101 x 1 = 

2. 101 x 10 = 

3. 101 x 11 = 

4. 101 x 101 = 

5. 11 x 11 = 

6. 110 x 11 = 

7. 1010 x 101 = 

8. 1011 x 100 = 

9. 1011 x 111 = 

10. 1111 x 111 =  

Task 5c Using your answers to the addition and multiplication questions above, try to create some methods for subtraction and division.

Internet Links

http://en.wikipedia.org/wiki/Binary_numeral_system 

http://computer.howstuffworks.com/bytes1.htm
http://en.wikipedia.org/wiki/Morse_code 
http://www.learnmorsecode.com/
http://en.wikipedia.org/wiki/Power_of_two 
http://en.wikipedia.org/wiki/Decimal 

http://www.binarymath.info/decimal-conversion.php 

http://www.binarymath.info/practice-exercises.php 
Answers
Task 1 Write these numbers as sums of powers of two:

1. 4+2 = 22+21
2. 8+1 = 23+20
3. 8+4+2 = 23+22+21
4. 8+4+2+1 = 23+22+21+20
5. 32+4+1 = 25+22+20
6. 64+16+4+1 = 26+24+22+20
7. 64+32+2 = 26+25+21
8. 128+4 = 27+22
9. 128+16+8+4+2+1 = 27+24+23+22+21+20
10. 128+32 = 27+25
Task 1b Write these decimal numbers as binary.  

1. 101

2. 110

3. 1011

4. 1100

5. 10001

6. 10101

7. 11111

8. 100001

9. 101100

10. 110010

Task 2 

Students own comparisons.
Task 3 
There are 1, 2, 4, 8, 16… binary numbers of each number of digits. We return again to the sequence of 2n.
Task 4 Write these binary numbers as decimal numbers.

1. 2

2. 4

3. 5

4. 9

5. 21

6. 22

7. 25

8. 31

9. 44

10. 63

Task 5a Binary addition:

1. 11

2. 111

3. 1000

4. 1110

5. 10000

6. 1110

7. 1111

8. 10000

9. 101100

10. 101110
Task 5b Binary multiplication:

1. 101

2. 1010

3. 1111

4. 11001

5. 1001

6. 10010

7. 110010

8. 101100

9. 1001101

10. 110100
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