Essential Notes on AQA Mechanics 2


Calculus in Kinematics

	 Differentiate 
	Displacement
	
	
	 Integrate 

	
	Velocity
	
	
	

	
	Acceleration
	
	
	



Note that when , .
When integrating, use initial/boundary conditions to find the  value.










Moments (turning forces, torque, Nm)

Anticlockwise = +ve			Clockwise = -ve



Forces through the pivot exert no moment/torque.

Most problems involve finding resultant (translational) force and resultant moment around one or more points, then using these to determine unknown forces or distances.  It is possible to use resultant force and resultant moment to calculate position of resultant moment.

Equilibrium  

	resultant moment = 0
	and
	resultant force = 0

	(no turning effect)
	
	(no translational effect)



[bookmark: _GoBack]For a system of three forces to be in equilibrium, lines of action of all three forces will meet at a single point.

Resultant of Parallel Forces…

	
	Sum of forces
	Sum of moments
	E.g.

	Equilibrium
	0
	0
	[image: ]

	Move and turn
	Not zero
	Not zero
	[image: ]

	Turn only 
(forces are ‘a couple’)
	0
	Not zero
	[image: ]


 
Centre of Mass



*ignoring gravity!

· Uniform rod = centre
· Uniform rectangular lamina = centre
· Uniform circular lamina = centre
· Uniform triangular lamina = on median line, vertex: base = 2:1
· Uniform semi-circular lamina = on line of symmetry where 

To find centre of mass of composite body, find centre of mass of each composite then find centre of mass of these.


Work, Energy, Power

 


(unit is joules where 1j = work required to lift 1kg 1m)

Principle of conservation of energy states that mechanical energy in a closed system remains constant.  Therefore any change in energy is due to work done on, or by, the system. 



(unit is Watts, or kilowatts, where 1w = 1js-1)

Solve problems via the ‘work done’ method or the GPE/KW method.  Often useful to consider work done per second as this also equals power.

Elasticity

Hooke’s Law...

	
	









Note that when , .

	
	
	






Circular Motion

Typical modelling assumptions for circular motion…

· The object is a particle
· Unless told otherwise, the object is moving at uniform speed
· String is light and inextensible
· Air resistance is ignored

	Radial
	Linear

	
	

	
	

	
	



Note that  here is a constant number and represents a constant angular speed, or a particular angular speed at a specific instant.





Note that v is perpendicular to r (ie in direction of travel) and that a is in opposite direction to r (ie towards centre of circle).
	
	

	
	

	This is known as centripetal force



For conical pendulums, resolve forces horizontally and vertically.

	
	
	

	
	
	

	
	
	





For motion in a vertical circle and non-constant angular velocity problems, use energy equations.

	Vertical Circles

	The body cannot leave the circle
eg attached to the end of a rod
	The body can leave the circle
eg attached to the end of a string, on the inside of loop-the-loop track, on the outside of a circle

	If energy is sufficient, the body will rotate the complete circle.
	If energy is sufficient, the body will rotate the complete circle.

	
	[image: ]If energy is a little insufficient, the body will reach above horizontal centre of circle, leave the circle and follow a projectile path (to somewhere).

	[image: ]If energy is insufficient, the body will oscillate between two symmetrical points on the circle ( at each points as body changes direction)
	[image: ]If energy is very insufficient, the body will remain below horizontal centre of circle and oscillate between two symmetrical points on the circle ( at each point as body changes direction)





Differential Equations

	
	
	



Equations in M2 that could be used in differential equations…
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130 Circular motion

4 If the energy of the system is sufficient, the body rotates in a
complete circle.

4 If the energy of the system is so low that the body cannot rise
beyond the level of the centre of the circle, it oscillates between
two symmetrical positions, at each of which its speed is.
instantaneously zero, as shown in Figure 2.

4 If the energy of the system is such that the body can rise above
the level of the centre of the circle without being enough to carry
it completely round the circle, it will leave the circle at some
point and its motion will become that of a projectile, as shown in
Figure 3.

The mechanics of motion in a vertical circle

‘When modelling motion in a vertical circle, it is usual to make the
following assumptions:

4 The body is a particle.
There is no air resistance.
There is no loss of energy through any other resistance.

If the particle is attached to a string or rod, this is light and
inextensible.

The path is a perfect circle. This assumption is often made when
‘modelling situations such as roller-coaster loop-the-loops, in
which the entry and exit paths do not coincide, but where the car
travels in something very close to a circle.

+
3
+
+

In most problems concerning motion in a vertical circle, you will
make use of the principle of conservation of energy.

Figure 2

Figure 3

Example 9

A pendulum consists of a bob, P, of mass 2 kg, attached to a light
rod of length 1 m, the other end of which is freely hinged to a fixed
point, O. The bob rests vertically below O, and is then given an
impulse so that it starts moving with speed u. Find the angle
between the rod and the downward vertical when the bob reaches
its highest point if

a) u=3ms!

b) u

Take the gravitational potential energy to be zero at the point A,
where the motion commences. Let P be the highest point reached
by the bob. The speed of the bob at P is therefore zero.
OP = 1m, 50 OB = cos §m. Hence, AB = (1 — cos 6) m.
‘When the bob is at A, you have
KE=}x2xu?=u?
GPE =0

Circular motion with non-uniform speed

When the bob is its highest point, P, you have
KE =0
GPE = 2g X AB = 19.6(1 — cos 6)
Energy is conserved, so you have
u?=19.6(1 — cos 6)
o
196
a) When u = 3, you have

andso cosf=

9 o p—
—m—ﬂﬁéﬂ which gives 6= 57.3°

b) Whenu = 5, you have
25
196

cos =

cos@=1- —0.276 which gives 6= 106>

In part b), the bob is above the
level of O when it comes to rest.-
This is only possible when the
pendulum involves a rod. Had
string been used, the bob would
have left the circle.

A hollow cylinder, of internal radius 2 m, rests with its axis

horizontal. O is a point on that axis. A particle, P, of mass 5 kg,

rests inside the cylinder at A vertically below O. The particle is

given an impulse so that it starts to move on the smooth surface of

the cylinder in a circle about O. Its initial speed is 8m s,

a) What is the normal reaction between the cylinder and the
particle when the line OP makes an angle of 60° with the
downward vertical?

b) What angle does OP make with the downward vertical when
the normal reaction is zero?

¢) Whatis the speed of the particle when the normal reaction is
zero?

First, you need to use conservation of energy to find the speed of

the particle when OP makes an angle 6 with the downward

vertical.

OP is 2m, so OB = 2 cos 6. Hence,

AB =2 - 2cos 6=2(1 — cos ) m

When the particle is at A, you have %
KE=}X5X8=160]

GPE=0
When the particle is at a general point, P, you have
KE=1x5x12=252

GPE = 5g X AB = 98(1 - cos 6)
Energy is conserved, so you have

2.5v2 + 98(1 — cos 6) = 160
andso v =8(3.1+49cos )
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4 If the energy of the system is sufficient, the body rotates in a
complete circle.

4+ If the energy of the system is so low that the body cannot rise
beyond the level of the centre of the circle, it oscillates between
two symmetrical positions, at each of which its speed is
instantaneously zero, as shown in Figure 2.

4 If the energy of the system is such that the body can rise above
the level of the centre of the circle without being enough to carry
it completely round the circle, it will leave the circle at some
point and its motion will become that of a projectile, as shown in
Figure 3.

The mechanics of motion in a vertical circle

‘When modelling motion in a vertical circle, it is usual to make the
following assumptions:

The body is a particle.

There is no air resistance. ¥

There is no loss of energy through any other resistance.

If the particle is attached to a string or rod, this is light and
inextensible.

The path is a perfect circle. This assumption is often made when
modelling situations such as roller-coaster loop-the-loops, in
which the entry and exit paths do not coincide, but where the car
travels in something very close to a circle.

+ e

In most problems concerning motion in a vertical circle, you will
make use of the principle of conservation of cnergy.

Figure 2

Figure 3

Example 9

A pendulum consists of a bob, P, of mass 2 kg, attached to a light
rod of length 1 m, the other end of which is freely hinged to a fixed
point, O. The bob rests vertically below O, and is then given an
impulse so that it starts moving with speed w. Find the angle
between the rod and the downward vertical when the bob reaches
its highest point if

a) u=3ms"!

‘ Take the gravitational potential energy to be zero at the point A,
where the motion commences. Let P be the highest point reached
by the bob. The speed of the bob at P is therefore zero.
OP = 1m, s0 OB = cos §m. Hence, AB = (1 — cos §) m.
When the bob is at A, you have
KE=}X2Xu?=u?
GPE=0

Circular motion with non-uniform speed 131

‘When the bob is its highest point, P, you have
K 0
GPE =2g X AB = 19.6(1 — cos 6)
Energy is conserved, so you have
u? =19.6(1 — cos 6)
u
andso cosf=1- 6
a) Whenu = 3, you have

In part b), the bob is above the

9 level of O when it comes to reét.
cosf=1-——=0541 whichgives 0=573°

This s only possible when the

19.6
B Wheitu/= 5, youhe pendulum involves a rod. Had
: 25 string been used, the bob would
cos0=1-77c=—0276 whichgives 6=106" have left the circle.

A hollow cylinder, of internal radius 2 m, rests with its axis

horizontal. O is a point on that axis. A particle, P, of mass 5 kg,

rests inside the cylinder at A vertically below O. The particle is
given an impulse so that it starts to move on the smooth surface of

the cylinder in a circle about O. Its initial speed is 8 m s,

) What is the normal reaction between the cylinder and the
particle when the linc OP makes an angle of 60° with the
downward vertical?

b) What angle does OP make with the downward vertical when
the normal reaction is zero?

¢) Whatis the speed of the particle when the normal reaction is
zero?

First, you need to use conservation of energy to find the speed of
the particle when OP makes an angle f with the downward

vertical.
OP is 2m, s0 OB = 2 cos 6. Hence,
AB =2~ 2cos 6=2(1 — cos §)m
When the particle is at A, you have 5
KE=}x5x8=160]
GPE =0
When the particle is at a general point, P, you have
KE=4X5xy2=2572
GPE = 5g X AB = 98(1 — cos 0)

Energy is conserved, so you have
2.5v2 + 98(1 — cos 6) = 160
andso 2 =8(3.1 +49cos 0)
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10 The device illustrated is used as a governor for a steam engine.
AB s a shaft which is turned by the engine. Cis a collar which
can slide on the shaft AB and which, in its lowest position, holds
down a valve controlling the flow of steam to the piston. Spheres.
P and Q rotate with the shaft.

As the rate of rotation increases, so does the tension in the rods

connecting the spheres to the point B and to the collar C.

Eventually the speed is great enough for the tensions in the

lower rods to lift the collar, reducing the flow of steam.

The spheres each have mass 3 kg and the collar has mass 6 kg.

PBQC is a rhombus of side length 0.5 m. Angle PBC is 30°.

Assuming that the rods are light and inextensible and that the

spheres can be modelled as particles:

a) Find the tension in the lower rods in terms of w, the angular
speed of the shaft.

b) Find the valuc of o f the collar is on the point of moving up
m the shaft.

6.6 Circular motion with non-uniform speed

So far, you have considered only motion with uniform speed. You
can now examine the more general situation.

Suppose the particle, P, moves in a circle so that at time ¢ its position
vector is

£ = r(cos 6i + sin 6j) 1]

. : do_ ..
as shown, where 0is a function of  and = s not, in gencral,

constant.
By the chain rule,
d(eosd) _ dcose) , do

dr do @ )Y
d(sin6) _d(sin§) _ do :
Al e o QST 08
and 3 P ¥ (cos 0)0

Of course, r is a constant, so when you differentiate [1] to obtain the
velocity vector, v, you get

ve {120, , ding)
and so v = ré(—sin 6i + cos ) [2]

From [2] you get the fact that the speed of the particle s
| e

This corresponds to v = rw, which you used for circular motion with
uniform speed, but here 6 is not constant.

P(rcos 0,7 sin 6)

A\

A(Time: = 0)

Circular motion with non-uniform speed

You now differentiate [2] to obtain the acceleration vector, a. You
need to use the product rule:

(—sin 6i + cos 6j) + n)(
dar \
= rf(~sin 6i + cos 0) — ré(cos 6i + sin 6j)

d(sin ), d(cosll)_)
2 @ T )

Now, (cos 6 + sin 6j) is a unit vector in the direction of r. So, you
can write

(cos i + sin 6j) =T

Similarly, (—sin i + cos 6j) is a unit vector in the direction of v, and
so i tangential to the circle. You can write (—sin 6i + cos 6j) = ¢
You can then write the acceleration vector as

bt —ré’r 3]

From [3] you get two important facts:

a

4 The particle has a tangential component of acceleration of 7.

4 The particle has a radial component of acceleration of —r¢. This
is directed towards the centre of the circle and corresponds to the
re? which you used for circular motion with uniform speed, but
here 62 is not constant.

Motion in a vertical circle

A common example of circular motion with non-uniform speed is
when a body is moving in a vertical circle. This occurs in many
circumstances. Typically, a body may be rotating on the end of a
string or rod, may be threaded onto a hoop or may be sliding on the
inner or outer surface of a circular object. In all cases, the path may
be a complete circle, or just a circular arc.

“The situations listed can be divided into two categories. In the first,
the body cannot leave the circular path. In the second, the body may
leave the circular path at some stage of its motion.

The body cannot leave the circle
This includes bodies rotating on the end of rigid rods and beads
threaded onto hoops. Such systems can behave in one of two ways:

4 If the energy of the system is sufficient, the body rotates in a
complete circle. _

4 If the energy is insufficient, the body cannot reach the highest
point of the circle, but oscillates between two symmetrical
positions, at each of which its speed is instantancously zero, as
shown in Figure 1.

The body can leave the circle
This includes bodies rotating on the end of strings..or sliding on the
surface of circular objects. Except for the case of a body sliding on
the outer surface of a circular object, which is bound to leave the
circle at some point, such systems can behave in any of three ways.

Figure 1
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