Complete Graphs


In each of the network diagrams, or graphs, below every node (vertex) is connected by exactly one arc (line) to every other node to form a complete graph.
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	K2
	K3
	K4
	K5




The K2 graph has 2 nodes, the K3 graph has 3 nodes etc.  


Task 1

What is the algebraic rule connecting the number of nodes to the number of arcs in each pattern?
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	Similar Graphs




In each of these sets of four diagrams, three represent the same graph whilst the fourth is different.  


Task 1

Identify the odd one out by considering the number of arcs joined to each node, known as the order of each node.  

(You could also use matrices to help if you wish.)



Set A:
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Set B:
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Set C:
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	Minimum Spanning Trees
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The network diagram, or weighted graph, above represents a country park with seven picnic areas and a car park joined by rough paths.  The numbers shown are distances in metres.  The company that owns the country park would like to make it wheelchair friendly by laying tarmac along some of the routes so that wheelchair users can access all of the picnic areas.

Tarmac is expensive and so the choice of which paths to tarmac is important.


Task 1

Find the shortest combinations of paths required in order to join all seven picnic sites and the car park together, known as the minimum spanning tree.  Think carefully about your method.

Task 2

Find the minimum spanning trees for each of the graphs on the following page.

Task 3

Write a set of instructions (or recipe), known as an algorithm, to find the minimum spanning tree for any graph.  Your algorithm must be easily understandable and must work for all graphs.

Find the minimum spanning trees for these graphs:


	Graph 1:
	Graph 2:
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	Graph 3:
	Graph 4:
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	Graph 5:
	Graph 6:
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	Route Inspection 
(The Chinese Postman Problem)




Task 1

Trace these diagrams without repeating any lines or lifting your pen off the paper.  

	[image: A diagram of a cube with lines and dots

AI-generated content may be incorrect.]
	[image: A diagram of a cube with lines and dots

AI-generated content may be incorrect.]
	[image: A diagram of a cube with lines and dots

AI-generated content may be incorrect.]
	[image: A diagram of a cube with lines and dots

AI-generated content may be incorrect.]
	




	Task 2

The diagram to the right represents a set of streets that must be gritted in preparation for a winter’s day.  

What is the minimum distance required to travel along all arcs and return to your original starting position?  
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Task 3

What are the minimum distances required in order to travel along all arcs and return home for each of the graphs below?
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Task 4

Write an algorithm, to find the minimum distance required in order to travel along all arcs and return home for any graph.  Your algorithm must be easily understandable and must work for all graphs.
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	The Travelling Salesman Problem




12
8
7
15
5
9
11
5
10
6
B
A
C
D
E


Task 1

The graph above shows a group of cities joined by roads that make up the tour for the awesome rock band Iron Maiden.  What is the minimum distance required to visit all nodes and return to your original starting position?  (You don’t have to travel along all arcs).

Task 2

What are the minimum distances required to visit all nodes and return home for each of the graphs on the following page.

Task 3

Write an algorithm, to find the minimum distances required to visit all nodes and return home for any graph.  Your algorithm must be easily understandable and must work for all graphs.

Complete the Travelling Salesman Problem for these graphs:

	Graph 1:
	Graph 2:
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	Graph 3:
	Graph 4:

	[image: ]
	[image: ]

	Graph 5:
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18 Minimum spanning trees

The available edges appear in the columns labelled 1, 2, 3,4, 5, 6 and
7. The minimum weight is DE = 280. Circle the 280, cross through the
D row, and circle and label the D column, giving:
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All the vertices are now connected, so the process is complete. The
circles in the table show the edges forming the minimum spanning tree,
and the numbers at the top show the order in which they were chosen.

Prim’s algorithm for a matrix can be summarised as follows.

Step 1 Select the first vertex.

Step 2 Cross out the row for the chosen vertex. Circle and number
the column heading for the chosen vertex.

Step 3 Find the minimum, uncrossed-out weight in the columns
beneath the circled vertices. Circle this value and note the row
in which it lies. The vertex for this row is chosen next.

Step4 Repeat steps 2 and 3 until all vertices have been chosen.

As usual, when you are faced with a choice between two equal
weights, choose at random.

Exercise 2A

1 Use Kruskal’s algorithm to find the minimum connector for each of
the two networks shown. List the order in which you choose the
edges, and find the total weight of each connector.

a) b) - B

You might like to check that the
process chose the same vertices
and edges in the same order as
when Prim’s algorithm was
applied to the network diagram
(page 13).

Look in all the circled columns,
not just the one most recently
circled.
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1 Which of the following graphs are Eulerian and which are semi-Eulerian?
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