
Standard Integrals 

 
 
 
 
 

∫
1

𝑎2 + 𝑥2
𝑑𝑥 =

1

𝑎
𝑡𝑎𝑛−1 (

𝑥

𝑎
) + 𝑐 

 
 
 
 

∫
1

√𝑎2 − 𝑥2
𝑑𝑥 = 𝑠𝑖𝑛−1 (

𝑥

𝑎
) + 𝑐 

 
 
 
 
 
 



Observe that… 
 

𝑐𝑜𝑠𝜃 = √1 − 𝑠𝑖𝑛2𝜃 is useful for √1 − 𝑥2 

𝑠𝑒𝑐2𝜃 = 1 + 𝑡𝑎𝑛2𝜃 is useful for 1 + 𝑥2 

𝑡𝑎𝑛2𝜃 = 𝑠𝑒𝑐2𝜃 − 1 is useful for 𝑥2 − 1 

 
  



Proof of ∫
1

𝑎2+𝑥2 𝑑𝑥 =
1

𝑎
𝑡𝑎𝑛−1 (

𝑥

𝑎
) + 𝑐 

 
 

 

Step 1: Proof of ∫
1

1+𝑥2 𝑑𝑥 = 𝑡𝑎𝑛−1𝑥 

 

𝑦 = 𝑡𝑎𝑛−1𝑥 

⇒ 𝑥 = 𝑡𝑎𝑛𝑦 

 

Using the fact that 𝑦 = 𝑡𝑎𝑛𝑥 ⟹
𝑑𝑦

𝑑𝑥
= 𝑠𝑒𝑐2𝑥, the product rule gives: 

 

𝑑𝑥

𝑑𝑦
= 𝑠𝑒𝑐2𝑦 = 1 + 𝑡𝑎𝑛2𝑦 = 1 + 𝑥2 

 

(because 𝑠𝑒𝑐2𝜃 = 1 + 𝑡𝑎𝑛2𝜃 and 𝑡𝑎𝑛𝑦 = 𝑥) 

 

⇒  
𝑑𝑦

𝑑𝑥
=

1

1 + 𝑥2
 

 

We have the result that when: 

 

𝑦 = 𝑡𝑎𝑛−1𝑥 

𝑑𝑦

𝑑𝑥
=

1

1 + 𝑥2
 

 

And… 

∫
1

1 + 𝑥2
𝑑𝑥 = 𝑡𝑎𝑛−1𝑥 

 

 

  



 

 

Step 2: Proof of ∫
1

𝑎2+𝑥2 𝑑𝑥 =
1

𝑎
𝑡𝑎𝑛−1 (

𝑥

𝑎
) 

 

This follows as an extension by integration by substitution: 

 

∫
1

𝑎2 + 𝑥2
𝑑𝑥 

= ∫
1

𝑎2 [1 + (𝑥
𝑎

)
2

]
𝑑𝑥 

=
1

𝑎
∫

1

𝑎 [1 + (𝑥
𝑎

)
2

]
𝑑𝑥 

=
1

𝑎
∫

1

𝑎
×

1

[1 + (𝑥
𝑎

)
2

]
𝑑𝑥 

 

Using the substitution 𝑢 =
𝑥

𝑎
, where 

𝑑𝑢

𝑑𝑥
=

1

𝑎
: 

 

=
1

𝑎
∫

1

[1 + 𝑢2]

𝑑𝑢

𝑑𝑥
𝑑𝑥 

=
1

𝑎
∫

1

[1 + 𝑢2]
𝑑𝑢 

=
1

𝑎
𝑡𝑎𝑛−1𝑢 

=
1

𝑎
𝑡𝑎𝑛−1 (

𝑥

𝑎
) 

∫
1

𝑎2 + 𝑥2
𝑑𝑥 =

1

𝑎
𝑡𝑎𝑛−1 (

𝑥

𝑎
) 

 

 

∫
1

𝑎2 + 𝑥2
𝑑𝑥 =

1

𝑎
𝑡𝑎𝑛−1 (

𝑥

𝑎
) 

 
  



Proof of∫
1

√𝑎2−𝑥2
𝑑𝑥 = 𝑠𝑖𝑛−1 (

𝑥

𝑎
) + 𝑐  

 
 

 

Step 1: Proof of ∫
1

√1−𝑥2
𝑑𝑥 = 𝑠𝑖𝑛−1𝑥 

 

𝑦 = 𝑠𝑖𝑛−1𝑥 

⇒ 𝑥 = 𝑠𝑖𝑛𝑦 

 

𝑦 = 𝑠𝑖𝑛𝑥, 
𝑑𝑦

𝑑𝑥
= 𝑐𝑜𝑠𝑥 gives: 

 

𝑑𝑥

𝑑𝑦
= 𝑐𝑜𝑠𝑦 = √1 − 𝑠𝑖𝑛2𝑦 = √1 − 𝑥2 

 

⇒  
𝑑𝑦

𝑑𝑥
=

1

√1 − 𝑥2
 

 

We have the result that when: 

 

𝑦 = 𝑠𝑖𝑛−1𝑥 

𝑑𝑦

𝑑𝑥
=

1

√1 − 𝑥2
 

 

And… 

∫
1

√1 − 𝑥2
𝑑𝑥 = 𝑠𝑖𝑛−1𝑥 

 

 

  



 

 

Step 2: Proof of ∫
1

√𝑎2−𝑥2
𝑑𝑥 = 𝑠𝑖𝑛−1 (

𝑥

𝑎
)  

 

This follows as an extension by integration by substitution: 

 

∫
1

√𝑎2 − 𝑥2
𝑑𝑥 

= ∫
1

√𝑎2 [1 − (𝑥
𝑎

)
2

]

𝑑𝑥 = ∫
1

𝑎√[1 − (𝑥
𝑎

)
2

]

𝑑𝑥 

= ∫
1

𝑎√[1 − (𝑥
𝑎

)
2

]

𝑑𝑥 

= ∫
1

𝑎
×

1

√[1 − (𝑥
𝑎

)
2

]

𝑑𝑥 

 

Using the substitution 𝑢 =
𝑥

𝑎
, where 

𝑑𝑢

𝑑𝑥
=

1

𝑎
: 

 

= ∫
1

√[1 − 𝑢2]

𝑑𝑢

𝑑𝑥
𝑑𝑥 

= ∫
1

√[1 − 𝑢2]
𝑑𝑢 

= 𝑠𝑖𝑛−1𝑢 

= 𝑠𝑖𝑛−1 (
𝑥

𝑎
) 

∫
1

√𝑎2 − 𝑥2
𝑑𝑥 = 𝑠𝑖𝑛−1 (

𝑥

𝑎
) 

 

 

∫
1

√𝑎2 − 𝑥2
𝑑𝑥 = 𝑠𝑖𝑛−1 (

𝑥

𝑎
) 

  



Some Points to Note 
 
 

***Angles in radians*** 
 

 
Standard integrals cannot be used as in example below; 
 

∫
1

1 + 25𝑥2
𝑑𝑥 = ∫

1

1 + (5𝑥)2
𝑑𝑥 

 
Instead do; 

∫
1

1 + 25𝑥2
𝑑𝑥 = ∫

1

25( 1
25

+ 𝑥2)
𝑑𝑥 

=
1

25
∫

1

( 1
25

+ 𝑥2)
𝑑𝑥 

 
 
A second example; 
 

∫
72

√1 − 81𝑥2
𝑑𝑥 

= ∫
72

√81( 1
81

+ 𝑥2)

𝑑𝑥 

= ∫
72

√81√( 1
81

+ 𝑥2)

𝑑𝑥 

= ∫
72

9√( 1
81

+ 𝑥2)

𝑑𝑥 

=
72

9
∫

1

√( 1
81

+ 𝑥2)

𝑑𝑥 

= 8 ∫
1

√( 1
81

+ 𝑥2)

𝑑𝑥 

 


